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ABSTRACT

When carrying out aeparation of test results from an electronic system, coping with enormous high
dimensbnal data sets is necessary but problematic. The input ofdilghnsional data, in which not a few
elements of a data set are irrelevant or less relevant than others, usually lead to inadequate results. It is
therefore helpful to use methods that clas8ify individual dimensions of the data set according to their
relevance, or the deviation of the set in this dimension. Such data analysis methods are used in many areas,
such as industry, medicine, biology or in the field of military re@issance for da reduction and
classificationas well asforesting and verificationof electronic systems and circuitk this paper, the
Principal Component Analysis and the Linear Discriminant Analysis are presented as classification
methods, their mathematicehckground is explained and flow diagrams of the algorgtare presented.

By means of areahpplication example i.e. test results of an electronic system it becomes clear, how
suitable these classification methods are in ordearnalyse of higldimensioal test results (test data) and

e.g. to discover the reasons of eddjlure of an electronic systenfurther, it is shown how useful it is to

carry out both classification procedures in a certain ordeiorder to ensure an optimal analysasd to

come o the cause dn early failure more precisely
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1.INTRODUCTION

In many areas of research, the analysis of test results of a system is necessary. Huge data sets of
messages and signals of countless redundant sensors of a system are characterized by criteria such
as their amount, their complexity and their speed. Glpbabmpanies and research institutes

strive to discover valuable information and connections from the vast amounts of data that have
so far been difficult or impossible to determine [1]. Very often, enormous.dingénsional data

sets need to be colledt@nd analysed from experiments. However, the input ofdhigiensional

data, in which not a few elements of a data set are irrelevant or less relevant than others, usually
lead to inadequate results [2]. Thus, it is useful to use classification metlxdddassify the
individual dimensions of the data set according to their relevance. In this paper, two different
known classification procedures will be investigated and discussed. We present the Principal
Component Analysis (PCA) and the Linear DiscriminAnalysis (LDA). We are explaining the
mathematical background for each method, using flow charts to summarize the corresponding
algorithms and illustrating them by means of the same application example (database). In this
example, it's about finding ogause of early failures of an electronic medicine system (device).

For this purpose, we developed, with the help of the resulting flow chartgregitmmed
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MATLAB codes for each method in order to determine the results of classification, generate
graphcal representations and provide visual insight into the capabilities of the analysis programs.
We show how a specific order of the analysis methods can lead to more precise results in the
matter of analysis and separation of hitimensional test resultd an electronic system. Finally,

we compare the methods with each other based on criteria such as ease of use and classifying
capacity and discuss the advantages, disadvantages and the possible applications of the individual
procedures.

2.PRINCIPAL COMPONENT ANALYSIS
2.1. Definition

The PCA is a variablerientated, linear classification method for data reduction. It was
introduced by Karl Pearson in 1901 [3] and further developed by Harold Hotelling in the 1930s
[4]. The method uses linear structuresabling the reduction and interpretation of large
multivariate data sets. This method allows the user to replace a humber of original variables by a
smaller number and it extracts relevant information from a given data set by reducing the
dimension. By means of an orthogonal transformation, a new set of uncorrelated variables, the so
called Principal Components (PCs), is generated as a transformed database [5]. The newly
determined PCs are linear combinations of the original variables. The first PCesigioed! to be
responsible for most of the variation in the original data and thus causing the reduction of the data
size [6]. If the first PC describes the majority of the data variation, than this can also reduce the
dimension of the problem. Through ttransformation into PCs, the data sets can be visualized
graphically and interpreted better.

2.2. Mathematical derivation

Since the PCA is already well established in today's technology and is already actively used e.g.

in image processing [7], in the agsis of dynamic movements [8] or even in the anomaly

detection in spacecraft [9], we restrict ourselves to the required steps and theirocmliresp

most important equation® set up the flow chartigure 1 describes the PCA algorithm by

means of a flow chart. In it, the derivation of the PCs is represented by the mathematical formulas

required. The PCA allows to obtain PCs or a transformed datésse abbreviation: PC) after

entering the original database (D), witlraws and rcolumns ((n x nYmatrix) and performing

five steps. First (step 1), a standardised database (S) is generated, which iswieskimean

free, has columwise value one asiean variation and occupies the same dimension as D. The

sense of this step (standardisation) is to transform the various variables in the database so that

they accept similar values and are directly comparable. Then (step 2), a correlated database (C) is
generated, from which a correlation matrix ((m xmmtrix) emerges, giving information about

the relationships of var i abfoesj. =Fulr mhethe € st ep 3
calcul ated correl ati on ma tjrchamacteazmggerkerltprepetiisned. Th
of linear images, are ordered accordingly to their size from large to small. Next (step 4), the
eigenvectors Yar e determined with the help ofofthe <calc
correlation matrix C. Last (gpe5), the subsequent multiplication of the standardised data S with

the eigenvector matrix V = (Yresults in the transformed database PC. Thus, we have converted

the original database D into database PC, which has the same dimension of anfatix{L0].

Here one speaks of an orthogonal transformation or a projection of the standardised database S

onto the eigenvectors;Which are therefore called the coefficients of the PCs. However, the
corresponding vectors P@ x I-matrix) to the columns of P&re not all equivalent. They can be
arranged depending on t hegobthezcerrelaiéon mattixeC. The der ed e
information value of the variables decreases from 8@ G,. The following considerations are

used to determine the variascof each PC. This should give us an idea of how the variances are

rel ated t o ¢ lnhgeneesal theevariareed ofl s besrepresented by means of (1).
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Step 3: Eigenvalues

det 1} C =0 [«——identity matrix |

transformed database R@ x m  matrix)

END
Figurel. Flow chart of the PCA
In the following equations emtioned in this paper the abbreviation for vac® and transposed

will be "var" and "T" Thematrix S is meaiiree, i.e. the averaging vect8r= (0). It follows that
P ¢=S 6 equals zero and thus the variance of &® further be calculated as defined in (2).

1
varR@ == (P CPOHPEGPQ) (1)

1 1
va?@zm(P¢LP§) ﬁ=_—1(LS}\)TL-( Sy )

According to general mathematical matrix rules (§-¥ V;"-S" follows and thus (3). After
conversion of the formula from step 2 (Correlation) from the flow clague 1) one obtains
(4). Substituting (4) intq3) results in (5)

1 o
vaRrg = m(V,-TA;TA ) 3)

S'LS =) (AC (4)
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vaFP@zrll(VjTL (-h) L) (5)

Since correlation matrices are in general symmetrically and square, the eigenvgctdrs V
correlation matrix C are orthogonHl0], i.e. VI = V1, which is why (6) results the following
way. After reducing the constant{) in (6), finally (7) results for the variance of-thjPC.

vaﬁagzrll(vj n-1L o/p (6)

vaRC =V, LEV=a ()

So mathematically, it can be shown that the variance -t {C equals theth eigenvalue of the
correlated database. Essentially, the PCA corresponds to a rotation of the coordinate system in the
direction of maximum variancil0]. The first PC showshe greatest variance, since within the
analysis the eigenvalues were arranged according to their size. Equation (8) follows accordingly,
which reproduces the proportion of shared variance of the data.

1 1 8

Thus PCs with great variance represent interesting dynamics while PCs with low variance
represent low noise and therefore not much of information of the original database gets lost, when
PCs with low variance aregnored [11]. The followingapplication exmple eases the
understanding of the theory and mathematics of the PCA discussed so far.

2.3. Application example

In many areas of research, it is necessary to detect errors and thus search out the causes of e.qg.
early failure. For that, PCA is a very figleanalysis tool. Let us say a certain company produces

and sells an electronic product, which consists of many digital and analog subsystems. Often their
product "breaks" before the warranty period. The reasons for the early failure must be identified
in order to achieve improvements in product production. Meanwhile, in many products an
integrated chip stores important information about user and product behaviour. Engineers can use
these information as a database and filter the most important user egri@sponsible for the

early failure, by using the PCA. For this, the knowledge about user variables of functional, not
early failed products is necessary to enable a separation of the variables. In this case, the user
variables e.g. voltage, current, teenature, etc. are the eigenvectors and the products ar€she P

We demonstrate the PCA analysis through the following study: We consider a database of about
2300 data sets or objects and 68 features (user variables) that should represent 2300 different
devices of the same product of a company (Data for reasons of data protection not explicitly
shown). They are sorted according to their lifesgagufe?2), so that the first 450 represent early

failed products (red) and the last 450 represent late failed products (green). The remaining data in
black are in the line between early and late failure, so will not be included in the PCA and in the
entirearticle. We concentrate ourselves on similar numbers of early and late failed products for
reasons of clarity and accuracy. After performing the PCA algoriEiguel) on the 900 sorted

data sets, 68 PCs are calculated(RCPGs). Since the method bases on matrices, we used a
selfwritten program in MATLAB. For each PQGhe percent of the variance (pef_var) is
calculated using (9) and the resudire shown imable 1. Table1 shows that tl four first PCs

have the largest eigenvalues and cover over 69% of the variance. The number of relevant PCs
depends on the point at which the remaining eigenvalues are relatively small and approximately
all equally large. As a result of the PCA, it isari¢hat the first four PCs are responsible for about

70% of data information, while the remaining PCs are contributing to 4% or less. In addition, a
visual representation of the eigenvalues against the PC nuRigarg3) is also helpful for the
determination of the relevant PQsext, it is useful to display the object distribution in a plot

with respect to the PCs.
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Tablel. Eigenvalues and percentages of variances

By
@)

o perc_ent of PCl o perc_ent of pcl o perc_ent of Pc| o perc_ent of

variance variance variance variance
21,4944} 31,6094% | 18 | 0,4357| 0,6407 % | 35 |0,0433 0,0637 % | 52 | 0,0012| 0,0018 %
14,2059 20,8910 %| 19 | 0,4142| 0,6091 % | 36 | 0,0350| 0,0515 % | 53 | 0,0006/ 0,0009 %
7,2234| 10,6226 %| 20 | 0,3992| 0,5871 % | 37 | 0,0310| 0,0456 % | 54 | 0,0003| 0,0004 %
4,3277| 6,3643% | 21 | 0,3231| 0,4751 % | 38 | 0,0294| 0,0432 % | 55 | 0,0003| 0,0004 %
2,6031| 3,8281 9% | 22 | 0,3039| 0,4469 % | 39 | 0,0232| 0,0341 % | 56 | 0,0002| 0,0003 %
2,2873| 3,3637 % | 23 |0,2760| 0,4059 % | 40 | 0,0165| 0,0243 % | 57 | 0,0002| 0,0003 %
2,0789| 3,0572 % | 24 | 0,2642| 0,3885 % | 41 | 0,0127| 0,0187 % | 58 | 0,0002| 0,0003 %
1,8859| 2,7734 % | 25 | 0,2190| 0,3221 % | 42 | 0,0117| 0,0172 % | 59 | 0,0001| 0,0001 %
1,3294| 1,9550 % | 26 | 0,1871| 0,2751 % | 43 | 0,0083| 0,0122 % | 60 | 0,0001| 0,0001 %
10| 1,2881| 1,8943 % | 27 | 0,1780| 0,2618 % | 44 | 0,0071| 0,0104 % | 61 |0,0001| 0,0001 %
11| 1,1177| 1,6437% | 28 | 0,1630| 0,2397 % | 45 | 0,0059| 0,0087 % | 62 | 0,0001| 0,0001 %
12| 0,9086| 1,3362 % | 29 | 0,1319| 0,1940 % | 46 | 0,0053| 0,0078 % | 63 | 0,0001| 0,0001 %

O©oo~NOUTA~,WNE

13| 0,8752| 1,2871 % | 30 | 0,1250| 0,1838 % | 47 | 0,0039) 0,0057 % | 64| O 0%
14| 0,7163| 1,0534 % | 31 |0,1025 0,1507 % | 48 | 0,0031| 0,0046% | 65| O 0%
15| 0,6712| 0,9871 % | 32 | 0,0894| 0,1315 % | 49 | 0,0027| 0,0040% | 66 | O 0%
16 | 0,5224| 0,7682 % | 33 | 0,0773| 0,1137 % | 50 | 0,0017| 0,0025% | 67 | O 0%
171 0,4631| 0,6810 % | 34 | 0,0658] 0,0968 % | 51 | 0,0016] 0,0024% | 68| O 0%
AL
—g—a—%t 100 %—L 10«
pe rq BJ 8 9)

For the graphic representation, the coordinates of the 900 objects (450 red and 450 green), sorted
according to lifespan, are plotted with respect t@ &@ PG in a coordinate system with P@&s

x-axis and Pgas yaxis andwe obtainFigure4. This figure shows something interesting: From

this simple representation, a first separation of the data between early afailéatecan be
observed. Although not all objects can be separated to a hundred percent and overlapping being
avoided, a large part of the object distribution is specific. In order to display the features
graphically, their coordinates have to be plottedese are listed in eigenvectors, which are
defined as coefficients of the PCs. We seek foipRids and thus choosing the first eigenvectorV

as x and the second eigenvectpas yaxis. In addition, the individual points in the plot are
linked to the orign in order to obtain vectors of features fdr j = 1 to 68 and thus better
represent their location in the coordinate systéigure5). It is obviaus, that some features as

e.g. M1, M7, M8 and M9 cannot be seen clearly, since overlapping occurs, which arises through
same coordinates in the eigenvectors. We now want to investigate what the causes of early and
late failure are. To answer this questiom, overlay the representations of object data distribution

and vectors of feature&igure4 andFigureb) in Figure6. This allows to see, which features are
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in which areas of the objects and shpossibly influencing the behaviour of the devices. It is
clear, that the features M1, M6, M7, M8, M9, M10, M24 and M25 clearly correlate with red
objects (early failure) whereas e.g. features M4, M56, M57, M59, M65 and M66 are correlating
with the greerobject cloud (late failure).
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Figure4. Representation of the object data
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Figure6. Representation of the object data distribution and vectors of all 68 features M
In order to confirm and investigate more precisely the alotserved correlation of the
mentioned features with the object clouds, the entire database is reduced to some of these
features. This is followed by a-execution of the PCA on the reduced dathAs a result, the
statements made iRigure 6 are confirmed inTable 2 and in the correspondingigure 7,
analogous tdablel andFigure®6, for the features M1, M6, M7, M8, M9, M10, M24 and M25.

Table2. Eigenvalues and percent of variances for all PCs of reduced database (M1, M6, M7, M8, M9,

M10, M24 andVi25)

PC| & percent of variance | cumulative
1 |5,5473 69,341 % 69,341 %
2 ]1,1049 13,811 % 83,152 %
3 |0,5818 7,2731 % 90,425 %
4 10,4284 5,3552 % 95,78 %
5 ] 0,3367 4,2085 % 99,989 %
6 | 0,0006 0,0084 % 99,997 %
7 | 0,0002 0,0025 % 100 %

8 | 0,0001 0,0002 % 100 %
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PC,/V,

Figure7. Representation of the object data distribution and vectors of features of reduced database (M1,
M6, M7, M8, M9, M10, M24 and M25)

The first two PCs cover almost 83% of the variance and thus the data. So marentipaned to

the entire database, where the first two PCs cover only 50% of theTdatal). The correlation
between the features in the reducedhbase is stronger, or there is a greater linear dependency
between the features and the {ftided objectsFigure 7 shows the object data distributi@and

the vectors of features. To the right there is a red object cloud (early failed devices) and all
eigenvectors or features show in the same direction (orientation). Here too, an overlapping
between the features M1, M8 and M9 occurs. This figure carsée to indicate which features

are more important or play a major role for an early failure than others. M1, M6, M7, M8 and M9
correlate more than M10, M24 and M25 because they accumulate stronger with the red object
cloud. In addition to the directiothe magnitude of the vectors also has an information content.
The longer the vector, the more often the corresponding feature appears, and the more important
is this user variable. In our cas€idure 7) no further information are obtained from the
magnitudes since all vectors are approximately equal in length. Next, PCA is applied to the
features M4, M23, M56, M57, M59, M64, M65 and M66 and we obfaible3 andFigure8 as

result. Table3 shows that the first two PCs cover over 86% of the data, and the first four together
over 97%. This indicates a strong correlation of the features witlfielédd devices. This can be

seen bettein Figure 8, a green cloud to the right with eigenvectors in the same diredius

the statements made Kigure 6 are confirmed. Here too, some features like M56, M57, M59,
M65 and M66 correlate more than M4, M23 and M64 because of the stronger acanmuititi

the green object cloudhe interpretation of the PCA results can be carried out not only by means
of graphical representations, but also very well and more precisely by calculation, e.g. by means
of the mathematical concept of the correlation ficient.

Table3. Eigenvalues and percent of variances for all PCs of reduced database (M4, M23, M56, M57, M59,
M64, M65 and M66)

PC| & percent ofvariance | cumulative
1 |5,9615 74,519 % 74,519 %
2 |0,9642 12,052 % 86,572 %
3 |0,6683 8,3542 % 94,926 %
4 10,2210 2,7619 % 97,688 %
5 |0,1137 1,4222 % 99,110 %
6 | 0,0432 0,5402 % 99,650 %
7 10,0276 0,3442 % 99,994 %
8 |0,0005 0,0057 % 100 %
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8 -

PC1/V1

Figure8. Representation of the object data distribution and vectdeatfres of reduced database (M4,
M23, M56, M57, M59, M64, M65 and M66)

The measure of a linear relationship of two intesaidled features can be described by the
dimensionless correlation coefficient. Let the correlation coefficient of vector X, Xx(X..,%)

and vector Y = (¥ Y2, ..., ) be defined by (10). Correlation coefficients may take on values
between-1 and 1, where a positive value implies a relationship such that high values of
characteristic x are associated with high values of chaistit y while negative values describe

an opposite relationship. A value of zero implies an uncorrelatediordhip between the
featuresThrough (10), the correlation coefficients of PAd PG for the red as well as for the
green objects from the daced database M1, M6, M7, M8, M9, M10, M24 and MEE(re 7)

were determined in (11) and (12).

1 -
T-pBl =X -X Ly, -V

coXr ¥
1 BN oo 1 BN _2 (10)
T-noi =%-X" TpPi =YY
CoP& Pl req 0, 331 (11)
COP@_grvEe@n_gre:e'Qa 382 (12)

On the basis of the two correlation values for green and red objects, it can be said that the two
groups are partially separated because the correladilies are nearly the same according to
their amounts but have different signs. Thie two groupshow in the opposite directiom

order to show the direction in which the eigenvectors or the features show, the correlation
coefficient of the first twaeigenvectors has to be determin&dble 4 shows the resulting two

first eigenvectors Yand \4, as coordinates of the chosen features, with whickdhelation can

be calculated in (13). It can thus pmvedthat the features M1, M6, M7, M8, M9, M10, M24

and M25 are in the same direction as the reddcl®his computational method after the PCA
implementation, which is based on the calculation ofetation coefficients of the PCs, can be
automated. In doing so, other methods can be additionally integeatedh calculation of the
magnitude®f the eigenvectors with the aid of Pythagoras. This can be extended to more than two
PCs in order to coveas much data as possible, thus minimizing the loss of information.
Graphical representation will further confirm the calculations and the interpretiatidmre next
chapter, another multidimensional analysis for data separation is explained. The methemat
background of the LDA and the analysis method is explained using the same application example
or database. In addition, it is shown how more accurate LDA results can be generated by means
of a priorPCA executionand generally a better separationhsf tata is made possible.
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Table4. Coordinate of the chosen features

feature Vi \2)
M1 4,285 1,061
M6 3,979 2,517
M7 4,230 -1,937
M8 4,285 1,061
M9 4,285 1,061
M10 3,097 5,978
M24 2,925 -6,531
M25 3,211 -4.949

cCobyy6, = 03302 (13)
3.LINEAR DISCRIMINANT ANALYSIS

3.1. Definition

The LDA is a multivariate method for the analysis of groups or class differences, with which it is
possible to examine and analyse groups with consideration of several variables (felatures).
principle, several variables are combined to one variable by a discriminant function (separation
function) through linear combination under minimal loss of information. R. A. Fischer first
described the dcriminant analysis in 1936 imhe use of mulple meaurements in taxonomic
problems"[12] Nowadays this method of analysis is used in fields such as image pro¢&8ing

and pattern recognitioii4] [15] and serves as a classifier and method for dimensional reduction.

3.2.Formulation of the discriminant function

Since the LDA is already well established in today's technology and is already actively used, we
restrict ourselves to the required steps and their corresponding most important equations to
understand the method better and to set up the dlart (analogous to PCA). An appropriate
function for optimal group separation has to be determined. In the further progress of this paper,
we limit our consideration to two groups, analogous to PCAFigure 9, the frequency
distributions of two groups A (triangle) and B (circles) were each projected ontoaant x¢-

axis. Relatively large intersection regions are visible in which the vaheessigned to group A

or group B, i.e. the valueis the overlap range can not be unambiguously assigned to either
group. The two axesixand % are not suitable as a separation functimnFigure 10 larger
overlapping areas are recognizable for the functions y* and y** as discriminant axes and thus no
clean separation of the two groups is possible.

Xo X2 «

3
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Figure9. Frequency distribution of two groups.
Separation by the variables x1 and x2. Changed
according to [16] pag@19

\< Xy
X1 y

Figure10. Separation by different discriminant
axesy, y* and y**. Changed according[i®]
page 321

87



International Journal of Electronic Design and Test (JEDT) Vol.1 No.1

However, the function y does not have any overlapping areas of the frequency distributions,
which we use to draw in a separation line, whigparates the groups optimallyhe desired
discriminant function, herg, can now be expressed as the linear function of the two variables of
features xand % through (14)16].

U A Al AL (14)
Generalized for Afieatures, the function equation is as in (15).
U A Al AP E A@ (15)

The equatiortorresponds to a linear function with the discriminant variable y and the variables of
features xfor j = 1, 2, ..., m. The coefficients,a to an are termed as discriminant coefficients
and forming together the discriminant coefficient vector a Witk éa, @, ..., &). & is called
constant term. The discriminant function is thus a mapping from tdé@n@nsional space of
features into the onmgimensional space of the discriminant variables. In order to obtain the
canonical discriminant function, éhunknown coefficients; aust be estimated in the first step of
the LDA in a way of maximisation of the discriminant degree (detailed consideration in section
3.3.1). Then an estimator for the constant teymust bedetermined under conditiog:= [D7].

In this caseycan be calculated using (16

n n

1 1 ,
y=— ¥ =— (Bgtaylxy taplx) + € fylXy)
=1 i =0
= +1 ” Lx L I, + & -& ” Ix
Y—ﬁnlﬁo n & 11"5. alx, + € ~ amlXmi
i =1 i =1 i =1

n n 1 n
y=dota~ Xt Xof é Bno Xmi ap+a’lX (16)

i =1 i =1 i =1

From (16 and with the aid ofhe condition(y = ) @ follows that theconstant terna, = -a'LX.
Here,X is the mean value vector of both groups, which together consist of n objects.

3.3.Estimation of the discriminant coefficients

Good separatioresults in the smallest possible overlapping range of the frequency distributions
on the discriminant axis. The following discriminant criterion test size (TS) applies as a measure
of the distinguishability of groups [17].

Y MA X (17)

QSA describes the mean variation between the groups expressed as square deviation of the mean
values from the tal mean value of the grouft8). QSE stands for the mean variation within the
groups expressed as total square deviation freméean values in the groups (18).

G G Mg
QSA =nlly, v)> AT AQSE = (y,,)° (18
g=1 g= 1 =1
Thus, MQSA and MQSE in () #epresent the middle sum of squares. Incase, it is assumed
that G = 2, thuswo groups are separated by the discriminant function y. Both groups consist of
n = n + m samples (objects) and the value y is the discriminant function value. By maximising

(17), or respectively by maximising the distance between the groups (QSAWiaimdizing the
distances within the groups (QSE), the conditions for a minimum overlap range are fulfilled.
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3.31 Mathematical derivation of the discriminant function

Let two independent groups A and B be given withand iz samples, to which a number m of
features belong. The matriceg % (Xa1, Xa2, ..., Xam) and X = (Xg1, Xg2, ..., Xam) With Xa=

(Xa1j, Xa2j, ..., Xanj)T @nd Xg; = (X1j, X82j , ..., Xenj)' for j =1, 2, ..., m, describe the corresponding
groups. The arittmetic mean value vecto& =8 ,8 ,..,8 ) and8 =8 ,8 , ..,
8 )T are obtained. The mean valBsand8 can be determined according f®).
1 n
X=- Xi (19)

i=1
We now seek a discriminant functigror respectively a discriminant valwvector Y in the form
of (23), which optimally separates the two groups. Let us consider herg, #at a

X11 X12 € Xim & Xy F&X F€ + m8
N X21 X22 € X M azﬁ 53X, FaX, 3€ + mB
)\’ ~ n’ . Ve
Y = XA?X ¢ £ ¢ ~,5t;7a3~=;_‘"‘lxsi"a2xsé"? tom®y
nal XnA2 e Xnﬁmﬁ’ Ul X, FRXpte By
é é E é e 8
OXn1 Xn2 €  XnnD 080 gax tax 36 + 8 O
X11 X1 2 X1 m
X2 1 X2 2 X2 .
Y=a 5 +a& g+ éap+t g =" za bl tal X+ éatX, (20)
Xn 1 Xn 2 Xn m

Here g are the discriminant coefficients to be estimatedl X is a(n x m)-matrix with
n = m + ng, which includes the matricesaXand X, i.e. X = (Xa ; Xg). The discriminant
coefficients vector a points to the origin of the coordinate system Wwith(a, &, ..., @&). By
multiplying the matrix X with the vector a, Y is a vector, containing discrintinelues. The
previous explanation for two featuresand xarevisualisedn Figurell.

Separation plane

X, &

Y8

Figure11. Optimal separation of the groups A and B by the discriminant function

Since the LDA is already wedistablished in today's technology and mathemadieabations are
not a priority in this paper, we skip derivation steps for generating an equation for TS for two
groups A and B at this point. The most importaativhtion steps are shown in (21) and)(28
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extract from the total derivation procedure am intermediate result of TS as a function of
discriminant coefficient vectoria shown in(23).

YA _ nALYA'l' nBLY"

Y= oyhosY . (21)
var ( %B{‘ =@i—y)zzv arlg »alc o X la (22
a2 Nalkng
B T el Al YA @3
W( nA'l LaTLSAL'a+(nB -1 IhTLSBL'a )

In (22) "cov" stands for mathematical expression covariafieand $ are the covariance
matrices of X and Xz which can be calculated with (R4
1 T 1 T
Sa=—L(Ba-8a) L(8a-8a) and Sg=—-L(8g-8p) L(85-8p) (24)
The next step is to simplify (23y using an abbreviation. Let S be an auxiliary variableda
total covariance matrix (35This simplifies function TS(a) aording to (26.
SA nA-l +SB nB-l
S=
Np +Ng - 2

(29

(Va-¥g)?, nalng (26)

T =
sa a' LSka "np+ ng

Since S basically consists of the sum of two covariance matricerdsS, S is symmetric and
square and can be calculated as a multiplication ‘6fwith SY2. Moreover, the constant
na.ne/(Na + ng) can be omitted since it plays ndadn maximising the target T&). In addition,
the numerator in (26) is replaced by Y23 obtain the expression for &) in (2§. The product
SY2S12corresponds tehe unit matrix and can thus be inserted48) without changing it. It is
insertedn the numerator twice &ft and right and we obtain (29

YaT Y= A X MZAzZX R =(XAAA-XB,5a)2
= (XAM_ XB'Ba) /B(XA/EA- XB /Ea)
= (X - Xg) A )A(X[ - Xp) Aa)

- T A
= TAX, - Xg) (X, -Xg) & K
T
. _aTliXA -Xg) KXA - Xg)la (28)
a = aTIS]_j 2L_Slj 2L.a
] allSY 2S Y X, - XB)TU(XA - Xp)LsU2gli2 (29
T Sa= allsl 21l 21

In the following step, a further simplification is carried out by the auxiliary vector #2+aS
Since $2is a symmetrignatrix, (ST = S/2, d" = a'lS"? follow. This leads to (30for TS as a
function of d.The point is to maximis&S(d) by choosing a suitable vector h.
. - .
d'LSY 21X, - Xg) X, - Xg)LSY Ad
d'id
The expression®@&*? (X5-X)? is a scalar, whose square is decisive in TS(d). If this number and
thus its square are to become maximal, the vector d must be selected paralié(Xq-XB),

TSd= (30)
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which follows in (3). By multiplying with S'? twice we obtain the desired discriminant
coefficient vector and thus theedired discriminant function (32vhich separates the two groups

d sH28,-85) =SY2a (32)
a SH8,-8z) and Xta = (32

The discriminant coefficients @aan also be obtained, though more complex, directly by partial
differentiation of TS with respect teectora and trough (33. "N" stands for numerator, "D" for
denomi nat or a nfa tha dperation wfrdérigation. 'Byakimizing TS(a), throub
equating the derivation in (32vith zero, one obtains the determination equations, which are
needed for calculation of the discriminant function. By substituting the vBdués and X into
these equations, the linear equation can be determined.
TSR, dTS(RLT S-TSLT § _

T () T—gYMAXi 12" T2 =
However, the method discussed in this paper is, same as for PCA, hassdmplification using
matrices and thus easierderive and implement ia program code.

3.3.2. Flow chart of theLDA

In this chapter, the mathematical derivatioam®are summariged in a flow chartKigure 12) in

order to enable a program code for LDAaithm as did for PCA. From the input of a database
D ((n x m)-matrix) to the discriminant function y, the LDA proceeds, after the desired grouping
into independent groups, in five steps: (Step 1) Calculation of the covariance matraces $

of the goups A and B, (step 2) calculation of the s#dfined total covariance matrix S, (step 3)
calculation of the discriminant coefficient vector a and determination of the constang tnch a
(step 4) subsequent representation of the discriminant values YecAnalogously to the PCA,

the LDA is to be represented in the following section by means ekample and the results
analysed. For this purpose, the same database and the same example as in the PCA are used.

0 (339

3.4. Assignment of a test vector

This section demonstrates how an object or a test vector V, containing the coordinates of an
object, can be assigned to a group with the aid of LDA. Let V be a test vector with
VT = (v, V2, ...,\n) cONtaining new Armeasured valudse. features, V is assigned to the goo

or B, to which the distance from

(X, -Xp)STY (X - Xg)LST XA (34)
ar ar
or the distance from
ol <l
(XA')iB)LS LY I(XQ'XTB)LS- 1:Xg (35)
a a

is smaller.Figure 13 illustrates this principle(36) and (37) apply for the distances and & in
Figurel3with da, ds> 0.

Ay =-8g-a XA -8-aTlV =a'lV -al X » (36)
dg = +aXp+ (G +alV =alXg-a'lv 37

In general, for a vector V the multiplicatiofls < 0, if V isin the diection of a, otherwisa'l\V

> 0. The distancesadhnd @ are always assumed positive. Accordindrigure 13, it can be said

that the testector V is closer to group A than group B in the ratié dh. Thus, the probabilities

Pa and R in (38) can be calculated as the affiliation of the test vector to group A and group B.
dg da

- _ B8 38
AT dp +dg B” da+dg (39
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Step 3: Discriminant-Coefficients

le———D,(1x m matrix)
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a=S YDy Dg)T

discriminant coefficients vector(an x 1 matrix)
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discriminantvaluesvectorY = ((na + ng) X 1 matrix)

END

Figurel2. Flow chart of the LDA
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Figure13. Assignment of the test vector V to the groups A or B
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3.5. Application example

As in the PCA Figure2), we consider the same database with about 2300 samples (objects) and
68 features to be examined through LDA. After performing the LDA by means of a MATLAB
code using the five steps from thew chart inFigure12, m = 68 discriminant coefficients and a
single constant term for 68 features are obtained. Now the LDA is tested for two randomly
chosen features out of 68 for the 900 objects. These olgjenssst of 450 samples of group A
(red) and 450 samples of group B (green) and are shokigune14

0.8 1

0.6 01,

0.4

02 o005

M2

o

-0.2

0.4 -
0 0.2 0.4 06 08 1 0 01 02 03 04 05 06 0 0.1 0.2 0.3 0.4 0.5

M1 M2 M4

Figurel4. Separatin of early and late failed for two random features

The obtained discriminant coefficients and the constant temere used with (14) to obtain the
separation lines. These lines are drawn in blue in the individual pl&igune 14, thus enabling
separation of the objects. For each of the three plots shown below, the separation lines appear to
effect an optimal separaticof the objects. Despite some overlapping objects, the distribution of
the red and green samples with respect to the separation lines is unami@gunsidering three

instead of two features, the separation line appears now as separation plane as Shiguve i

15. The display format of this representation Figure 15 is not suitable for the exact
visualisation of the separation plane. By selecting a suitabl@ing direction by rotating the

graph, the position of the separation plane becomes Eligarr¢ 16).

06

0 0.2 0.4 0.6 0.8 1
M1
Figure15. Separation of early and late failed for Figure16. Rotation of Figure 1%features M1,
three random features M2 and M3)

If we now consider all 68 features, 68 discriminant coefficients are obtained. If these coefficients
are multiplied with each data set (object) i.e. with each row of the database, a vector with
n = m + ng values is obtained. The resulting vector Y is, in spite of one column, a
multidimensional variable, that means the information of 68 features were combined into one
vector. A representation of the values of Y on-axis of a grapheads © 68 plots. The saxis
describes each individual feature and thus each point describes an object. From that, the following
plots inFigure17, Figure18 andFigurel19 arise for @ = ng = 450.Figure 17 consists of 23 plots

(M1 to M23), Figure 18 for features M24 to M46 anéigure 19 for the remaining features.
Taking a closer look on e.g. the plots of M1, M6, M7, M8, M9 and M25, we can notice that much
more red dots occur with higher feature values, compared to gregnudtt almost no green

dots are present. Otherwise, only green dots appear with higher featureivaigeghe plots of

M4, M56, M57, M59, M65 and M66, while approximately no red dots are found. The features
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listed here as examples also belonged ¢or¢thevant features of this database in the results of the
PCA (Figure7 andFigure8).The followingFigure20 shows interesting plots that arise when the
database is reduced on the basis of the relevant features, through prior PCA execution, and
subsequently analysed by LDA.
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Figurel7. LDA for the first 23 features of the Figure18. LDA for 23 featuwes of the database
database (M1 to M23) (M24 to M46
0.05 0.05 0.05 0.05
> ot *& > DF . > OF 1> GF
- - (- - amka
-0.05 -0.05 -0.05 -0.05
0 1 2 3 0 2 4 0 1 2 3 0 5 10
M47 10 M48 107 M49 5 107 M50 x 108
0.05 0.05 0.05 0.05
> ok > DP s ok-' o > oh&
0.05 0.05 - -0.05 0.05
0 5 10 0 5 0 5 0 5
M51 108 M52 10 M83 . 10* M54, 10°
0.05 0.05 0.05 0.05
> o“* > OF‘ 1> OF_};_ . > oF
0.05 0.05 -0.05 0.05
0 1 2 3 0 1 2 0 5 0 5
M55, 10° M56 108 M57 107 M58 »10°
0.05 0.05 0.05 0.05
T N
- A
0.05 0.05 0.05 0.05
0 1 2 0 2 4 0 1 2 3 0 500 1000
M59 »10° M60 . 10* M61 10 M62
0.05 0.05 0.05 0.05
> 0 * > O\hﬁ'ﬂ&:.- > o# > 0
0.05 0.05 0 -0.05
0 1 2 0 10 20 0 5000 10000 0 1 2 3 . . .
e w4 wes M 107 Figure20. LDA after prior reduction of the
0.05 0.05
o0 4 Ob‘“ : database to relevant features by PCA
> 1 b > gar
0.05 . .

- -0.05
0 50 100 150 0 20 40
M67 Mé8

Figure19. LDA for the remaining 22 features of
the database (M47 to M68)

Y, = talM; t+alM; # &lM; ¢ lM; +aslM; g alM; ¢ &lM; »
+aglM; s53M; st M stoa M st EMj 66

The projections of the data sets on the discriminant axis describe the multidimensional variables
of the discriminant function y, whiicin this case iglefined by (3% with i = 1, 2, ..., 900
(450 + 450). The discriminant value vector Y consists efi walues, i.e. Y = (y, which are
havingaf or k = 1, 2, é ,jwith = lad 6, W 8,i9,02h, 156, 579g59,f6® 66. M
The greatethe magnitude ofi.@athe more meaningfiM;. It becomes clear that the green and red
areas accumulate in specific areas of the plots. For example, the first plot to Rjuia 20

shows that it would be more reasonable to select the lowest possible value of feature M1 since
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